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Abstract. We study the importance of gravitational lensing in the modelling of the number counts
of galaxies. We confirm previous results for photometric surveys, showing that lensing cannot be
neglected in a survey like LSST since it would infer a significant shift of standard cosmological pa-
rameters. For a spectroscopic survey like SKA2, we find that neglecting lensing in the monopole,
quadrupole and hexadecapole of the correlation function can also induce an important shift of cos-
mological parameters. For ΛCDM parameters, the shift is moderate, of the order of 0.6σ or less.
However, for a model-independent analysis, that measures the growth rate of structure in each red-
shift bins, neglecting lensing introduces a shift of up to 2.3σ at high redshift. Since the growth rate
is directly used to test the theory of gravity, such a strong shift would wrongly be interpreted as the
breakdown of General Relativity. This shows the importance of including lensing in the analysis of
future surveys. For a survey like DESI, we find on the other hand that lensing is not important,
mainly due to the value of the magnification bias parameter of DESI, s(z), which strongly reduces
the lensing contribution at high redshift. This result relies on our theoretical modelling of s(z) in
DESI and should therefore be confirmed with measurements of s(z) in simulations. We also propose
a way of improving the analysis of spectroscopic surveys, by including the cross-correlations between
different redshift bins (which is neglected in spectroscopic surveys) from the spectroscopic survey or
from a different photometric sample. We show that including the cross-correlations in the SKA2 anal-
ysis does not improve the constraints. On the other hand replacing the cross-correlations from SKA2
by cross-correlations measured with LSST improves the constraints by 10% to 20%. The marginal
improvement is mainly due to the density correlations between nearby bins and, therefore, does not
strongly depend on our knowledge of the magnification bias. Interestingly, for standard cosmologi-
cal parameter estimation, the photometric survey LSST in its 12 redshift bin configuration and the
spectroscopic SKA2 survey are highly complementary, since they are affected by different degenera-
cies between parameters: LSST yields the tightest constraints on Ωcdm, h and ns, while SKA2 better
constrains Ωbaryon, As and the bias.
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1 Introduction
At present, the most important data set to constrain cosmological models comes from observations
of the cosmic microwave background (CMB) anisotropies and polarization [1]. However, to optimally
probe the growth of structure at late time, the CMB needs to be complemented by observations at low
redshift. The 3-dimensional distribution of galaxies provides a powerful way of measuring the growth
rate of structure in the late Universe, which is highly sensitive to the theory of gravity. This growth
rate has been successfully measured by several surveys like SDSS [2, 3], WiggleZ [4] and BOSS [5, 6],
allowing us to test the consistency of General Relativity over a wide range of scales and redshifts.
This success has triggered the construction of various large-scale structure (LSS) surveys, that are
planed for the coming decade, like Euclid [7–9], LSST [10, 11], DESI [12], SKA [13, 14], SphereX [15]
and WFIRST [16]. These surveys will observe much higher redshifts and larger volumes, improving
the precision on tests of gravity.
Even though LSS data are more difficult to interpret than CMB data (non-linearities are relevant
on small scales; we observe luminous galaxies made out of baryons, while we compute matter over-
densities), on large scales or at higher redshifts we expect that linear perturbation theory or weakly
non-linear schemes are sufficient to describe cosmic structure. The fact that LSS is a three dimensional
dataset, and that it allows us to measure the cosmic density field, velocity field and the gravitational
potential independently, makes it highly complementary to the CMB. For these reasons it is very
important that we make best use of the LSS data soon to come.
To extract information from the distribution of galaxies, data have to be compressed using
adequate estimators. Past and current surveys have mainly focused on the galaxy two-point correlation
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function in redshift-space and on its Fourier transform, the power spectrum, see e.g. [17–19]. Since
redshift-space distortions (RSD) break the isotropy of the correlation function, the optimal way of
extracting information is to fit for a monopole, quadrupole and hexadecapole in the two-point function
of galaxies (or equivalently in the power spectrum). In the linear regime, these three multipoles contain
all the information about density and RSD. These multipoles have been measured successfully in
various surveys and have been used to constrain the growth of structure and to determine the baryon
acoustic oscillation (BAO) scale, see e.g. [1] for an overview of present constraints.
However, it is well known that LSS observations are not only affected by RSD (due to the
motion of galaxies) [20], but that they are also affected by gravitational lensing due to foreground
structures [21–23]. Gravitational lensing modifies the observed size of the solid angle in which we
count how many galaxies we detect, consequently diluting the number of galaxies per unit of solid
angle. In addition, it increases the apparent luminosity of galaxies, enhancing the number of galaxies
above the magnitude threshold of a given survey. These two effects combine to distort the number
counts of galaxies. As a consequence, gravitational lensing contributes to the observed two-point
correlation function of galaxies.
In this paper, we investigate the relevance of gravitational lensing for the coming generation of
LSS surveys. Various previous analyses have studied the impact of lensing for photometric surveys
using the angular power spectrum, C`(z, z
′) [24–29]. These studies have shown that neglecting lensing
in future photometric surveys like LSST and Euclid will significantly shift the determination of a host
of cosmological parameters. In this paper, we focus instead on spectroscopic surveys and we study
the impact of lensing on the measurement of the growth rate of structure, using the monopole,
quadrupole and hexadecapole of the correlation function. We show that neglecting lensing in the
modelling of these multipoles significantly shifts the determination of cosmological parameters for a
survey like SKA2 [30]. In particular, if we assume ΛCDM and constrain the standard parameters
(Ωbaryon,Ωcdm, h, ns, As) and the galaxy bias, we find that neglecting lensing generates a shift in the
determination of these parameters, which ranges from 0.1σ to 0.6σ. More importantly, if we treat the
growth rate f and the galaxy bias, as free parameters in each redshift bins (which is what is routinely
done in RSD surveys), we find a shift as large as 2.3σ for f , and 3.1σ for the galaxy bias b(z) in the
highest redshift bin of SKA2. Since the growth rate is used to test the theory of gravity, such a large
shift could lead us to wrongly conclude that gravity is modified. Including lensing in the analysis, we
moreover find that our imperfect knowledge of the magnification bias parameter, s(z), degrades the
constraints on the bias and the growth rate by up to 25%. This analysis therefore shows that lensing
cannot be neglected in the modelling of multipoles for a survey like SKA2 and a good knowledge of
the magnification bias, s(z), is important.
We also perform a similar analysis for a survey like DESI [12]. In this case we find that neglecting
lensing has almost no impact on the determination of cosmological parameters. This is mainly due to
the fact that at high redshift, where lensing could be relevant, the dilution of the number of galaxies
(due to volume effects) almost exactly cancels with the increase in the number of detected galaxies
due to the amplification of the luminosity. Since this effect is directly related to the population of
galaxies under consideration (more precisely to the slope of the luminosity function which determines
the value of s(z)), it would be important to confirm this result using precise specifications for the
various galaxy populations in DESI.
In addition to these analyses, we study how gravitational lensing changes the constraining power
of spectroscopic and photometric surveys. We first compare the constraints on cosmological param-
eters, by including or omitting lensing in the modelling. We find that, for spectroscopic surveys,
including lensing does not improve the constraints on cosmological parameters, even in the optimistic
case where we assume that the amplitude of lensing (and therefore the magnification bias) is perfectly
known. For a photometric survey like LSST [11], including lensing helps break the degeneracy between
the bias and the primordial amplitude of perturbations As, and consequently improves the constraints
on these parameters significantly (by a factor 3 to 9, depending on the size of the redshift bins), if the
magnification bias parameter and the amplitude of the lensing potential are perfectly known. This
improvement increases if we decrease the number of redshift bins used in the analysis, because this
strongly reduces the RSD contribution, which also helps breaking the degeneracy between As and the
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bias. On the other hand, if the magnification bias parameter s(z), or the amplitude of the lensing
potential AL, are considered as free parameters, we find only a mild (few %) improvement with respect
to the case with no lensing.
Comparing constraints from SKA2 and LSST, including lensing in both cases, we find that,
within ΛCDM, LSST provides better constraints than SKA2 on Ωcdm, h and ns. This is mainly due
to the higher number of galaxies in LSST. On the other hand, SKA2 constrains better Ωbaryon (which
relies on a good resolution of the baryon acoustic oscillations), As and the bias. This is due to the
fact that As and the bias are degenerate in the density contribution. RSD break this degeneracy
in spectroscopic surveys, but only marginally in photometric surveys, where they are subdominant.
Lensing helps breaking this degeneracy in photometric surveys, but to a lesser extent than RSD.
Interestingly, we also find that the amplitude of the lensing potential, AL, is better constrained
in SKA2 than in LSST, even though the signal-to-noise ratio of lensing is significantly larger in
LSST. This is related to the fact that, in LSST, AL is degenerate with As and the bias, whereas in
SKA2 this degeneracy is broken by RSD. Spectroscopic and photometric surveys are therefore highly
complementary. In general, the main advantage of spectroscopic surveys over photometric surveys is
their ability to measure the growth of structure, which is directly proportional to the RSD signal,
in a model-independent way, which is something that is not at all straightforward with photometric
surveys using the angular power spectrum with relatively poor redshift resolution.
Finally, we propose a combined analysis using the multipoles of the correlation function in each
redshift bin and the angular power spectrum between different bins, including lensing in both cases.
We perform this analysis first for SKA2 alone, and then combining the correlation function from
SKA2 with the angular power spectrum from LSST. Such an analysis provides an efficient way of
combining RSD constraints (from the two-point correlation functions) with the information coming
from the cross-correlations between different bins. Using only the specifications of the SKA2 survey,
we find that including cross-correlations between different bins does not improve the constraints on
the standard ΛCDM parameters. This indicates that RSD have already enough constraining power
and that therefore adding lensing does not add new information. Note however that this result is
specific to ΛCDM and will probably change in modified gravity models, where the relations between
the gravitational potentials, and the density and velocity are modified.
Combining SKA2 and LSST, we find on the other hand that the cross-correlation between bins
improves parameter constraints by 10-20%. The size of this improvement depends weakly on the as-
sumptions made about the magnification bias parameters [sLSST(z), sSKA2(z)]. This is due to the fact
that the improvement in ΛCDM parameters mainly comes from the density cross correlations which
are still relevant in neighboring bins. Lensing is not very important for the five ΛCDM parameters,
but becomes of essence once we aim at determining the growth factor in each redshift bin.
Throughout this paper we make the following assumptions. Firstly, we use linear perturbation
theory, which we assume to be valid above separations of 30 Mpc/h at z = 0. We therefore limit
our analysis to scales d > dNL(z) with dNL(0) = 30 Mpc/h. Adding non-linear effects may change
the specific form of the correlation function and of the lensing contribution. However, we do not
expect non-linearities to significantly change the main results of this paper, i.e. to drastically reduce
or increase the shift induced by lensing on the analysis.
Secondly, we use a Fisher matrix analysis, and our estimates therefore always assume Gaussian
statistics. We know that this typically underestimates both the error bars as well as the shift coming
from neglecting, e.g., the lensing term [26]. Furthermore, when the shift becomes larger than ∼
1σ, Fisher analysis is not reliable anymore and an MCMC analysis should be performed instead to
determine the value of the shift precisely. However, the fact that Fisher analyses find a large shift
indisputably means that lensing cannot be neglected in a survey like SKA2.
Finally, we also neglect large scale relativistic effects in the number counts of galaxies, that have
been derived in [31–34]. It has been shown in several papers that, while the large scale relativistic
effects are very nearly degenerate with effects of primordial non-Gaussianity in the real space power
spectrum [35–38], they are rather difficult to detect in galaxy catalogs and usually require more
sophisticated statistical methods like the use of different populations of galaxies [39–41]. We have
checked that large scale relativistic effects do not influence the results reported in this work in a
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noticeable way.
The remainder of this paper is organized as follows. In the next section, we briefly review the
expression for the number counts of galaxies. In Section 3 we focus on the multipoles of the correlation
function for spectroscopic surveys like DESI and SKA2. In Section 4 we study the angular power
spectrum, for a photometric survey like LSST. In Section 5 we combine the correlation function and the
angular power spectrum, and we conclude in Section 6. A theoretical modelling of the magnification
bias parameter s(z), which is essential to assess the impact of lensing, is presented in the appendices,
where we also provide more detail about the specifications of the surveys, and on the photometric
analysis.
Notation: We set the speed of light c = 1. We work in a flat Friedmann Universe with scalar
perturbations in longitudinal gauge such that the metric is given by
ds2 = a2(t)
[−(1 + 2Ψ)dt2 + (1− 2Φ)δijdxidxj] . (1.1)
The functions Φ and Ψ are the Bardeen potentials. The variable t denotes conformal time and
H = a˙/a = aH is the conformal Hubble parameter while H is the physical Hubble parameter. The
derivative with respect to t is denoted by an overdot.
2 The galaxy number counts
When we count galaxies, we observe them in a given direction and at a given redshift. The expression
from linear perturbation theory for the over-density of galaxies at redshift z and in direction n is
given by [31, 33, 34]
∆(z,n) = b · δ + 1H∂
2
rV + (5s− 2)
∫ r
0
dr′
r − r′
2rr′
∆Ω(Φ + Ψ) (2.1)
−
(
1− 5s− H˙H2 +
5s− 2
rH + fevo
)
∂rV − 1H∂rV˙ +
1
H∂rΨ
+
2− 5s
r
∫ r
0
dr′(Φ + Ψ) + (fevo − 3)HV + Ψ + (5s− 2)Φ
+
1
H Φ˙ +
(
H˙
H2 +
2− 5s
rH + 5s− fevo
)[
Ψ +
∫ r
0
dr′(Φ˙ + Ψ˙)
]
,
where r = r(z) is the comoving distance to redshift z. The functions b(z), s(z) and fevo(z) are
the galaxy bias, the magnification bias and the evolution bias respectively. They depend on the
specifications of the catalog (which types of galaxies have been included) and on the instrument
(what is the flux limit of the instrument in which frequency band). In Appendix A we specify these
functions for the surveys studied in this work.
The first term in Eq. (2.1), δ, is the matter density fluctuation in comoving gauge: on small
scales it reduces to the Newtonian density contrast. The second term in the first line encodes the
effect of RSD. The velocity is given by vi = −∂iV , where V is the peculiar velocity potential in
longitudinal gauge. These first two terms are the ones that are currently used in the modelling of
the two-point correlation function. The last term in the first line is the lensing contribution, that we
are investigating in this paper. It contains the angular Laplacian, ∆Ω, transverse to the direction of
observation n. The last three lines are the so-called large-scale relativistic effects. The second line is
suppressed by one power H/k with respect to the first line, and the last two lines are suppressed by
(H/k)2 with respect to the first line. More details on these terms are given in [39, 41, 42]. On scales
which are much smaller than the horizon scales, k  H, only the first line contributes significantly
and therefore we include only these terms in the present analysis. We have checked that including
the other, large-scale terms, does not alter our results.
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3 The correlations function – spectroscopic surveys
In spectroscopic surveys, the standard estimators used to extract information from maps of galaxies
are the multipoles of the correlation function. The first three multipoles encode all the information
about density and RSD in the linear regime, and they allow us to measure the growth rate of structure
and the galaxy bias in a model-independent way (up to an arbitrary distance r(z) which has to be
fixed in each redshift bin and which in a given model is the comoving distance out to redshift z).
The multipoles of the power spectrum are also routinely used. However, the power spectrum
suffers from two limitations, that make it ill-adapted to future spectroscopic surveys. First, the power
spectrum is constructed using the flat-sky approximation, which breaks down at large scales. Alter-
native power spectrum estimators have been constructed to include wide-angle effects, but they are
not straightforward since they require to vary the line-of-sight for each pixel [43]. Second, the lensing
contribution in ∆ cannot be consistently accounted for in the power spectrum, since to calculate
the power spectrum one needs to know the Fourier transform of the galaxy number counts, ∆, over
3-dimensional hypersurfaces, whereas lensing can only be computed along our past light-cone. In
contrast, the correlation function can consistently account for wide-angle effects and for gravitational
lensing. A general expression for the correlation function without assuming the flat-sky approximation
has been derived in [44–47] for density and RSD, and extended to lensing and large scale relativistic
effects in [48–50]. The correlation function is therefore the relevant observable to use in future spec-
troscopic surveys that go to high redshift (where lensing is important) and cover large parts of the
sky (where the flat-sky approximation is not valid).
In Section 4, we will discuss the use of the angular power spectrum, C`, to extract information
from galaxy surveys. The angular power spectrum has the advantage over the correlation function
that it does not require a fiducial cosmology to translate angles and redshifts into distances. However,
this problem can be circumvented in the correlation function by including rescaling parameters, that
account for a difference between the fiducial cosmology and the true cosmology.
The angular power spectrum is not ideal for spectroscopic surveys, since it requires too many
redshift bins in order to optimally profit from the redshift resolution. Indeed, in the C`’s, the sensitivity
to RSD is related to the size of the redshift bins, whereas in the correlation function it is related to
the size of the pixels, that are typically of ∼ 2 − 8 Mpc/h. The split of the data into many redshift
bins does very significantly enhance the shot noise per bin when one uses the C`’s. Furthermore this
makes the computation of the covariance matrix for the full set of angular power spectra challenging to
invert. Finally, in the C`’s, density and RSD are completely mixed up and distributed over the whole
range of multipoles, whereas in the correlation function these terms can be separated by measuring
the monopole, quadrupole and hexadecapole. As a consequence, the correlation function is mainly
used for spectroscopic surveys, and the angular power spectrum for photometric surveys, where RSD
are subdominant and the number of bins is small.
We now study how the lensing contribution affects the monopole, quadrupole and hexadecapole
of the correlation function. For this, we use the code COFFE [48], which computes the multi-
poles of the correlation function and their covariance matrices, and which is publicly available at
https://github.com/JCGoran/coffe. We consider two spectroscopic surveys, one with DESI-like spec-
ifications, and a more futuristic one with SKA2-like specifications. The galaxy bias, magnification
bias and the redshift distribution for these surveys are given in Appendix A. As explained there, for
DESI we use a weighted mean of the three different types of galaxies used in this survey to determine
b(z) and s(z) in each redshift bin.
In order to mimic a real survey, we apply a window function to our galaxy density field, in the
form of a spherical top-hat filter in real space:
∆(R,x) =
∫
dx′W (R; x− x′)∆(x′) , (3.1)
with a pixel size R ≡ Lp = 5 Mpc/h. As our analysis is based on linear perturbation theory, in order
to curtail the effects of non-linearities, we implement a non-linear cutoff scale, dNL(z), below which
we assume we cannot trust our results, and we do not consider the correlation function on scales
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smaller than dNL(z) in our Fisher matrix analysis. We parametrize the comoving non-linearity scale
as follows:
dNL(z) =
dNL(z = 0)
(1 + z)
2
3
, (3.2)
where for the present cutoff scale we assume the value dNL(z = 0) = 30 Mpc/h.
1
Table 1: The cosmological parameters used for the Fisher matrix analysis as well as their fiducial
values.
Ωbaryon Ωcdm h ns ln(10
10As)
0.04841 0.25793 0.6781 0.9677 3.062
We use the best fit values from Planck [1] for our fiducial values of the parameters, see Table 1.
The galaxy bias for the different surveys has been modelled as described in Appendix A. To account
for our limited knowledge of the bias, we multiply this redshift dependent bias by a parameter b0,
with fiducial value b0 = 1, that we also vary in our Fisher forecasts. Finally, when estimating the
impact of large scale relativistic effects, for the evolution bias fevo we take a fiducial value fevo = 0,
but we have seen that varying fevo in the interval fevo ∈ [−5, 5] does not affect the results.
3.1 Signal-to-noise ratio
As a first estimate of the relevance of lensing as well as relativistic and wide-angle effects for future
spectroscopic surveys, we compute the signal-to-noise ratio (SNR) of these contributions, for the
monopole (` = 0), quadrupole (` = 2) and hexadecapole (` = 4) of the correlation function. The SNR
in a redshift bin with mean z¯ for the contribution X = {lens, rel} is given by
SNRX =
∑
ij`m
ξX` (di, z¯)cov[ξ
std
` , ξ
std
m ]
−1(di, dj , z¯)ξXm(dj , z¯) , (3.3)
where the sum runs over the multipoles `,m = 0, 2, 4 and over separations di, dj between dNL and
dmax, where dmax is the largest separation available inside the redshift bin, ranging from 185 Mpc/h
at z¯ = 0.2 to 440 Mpc/h at z¯ = 1.85. Lensing does generate higher multipoles in the correlation
function [48], however since those are not usually measured in spectroscopic surveys, we do not
include them in our calculation of the SNR.
The lensing correlation function is defined as
ξlens(d, z¯) ≡ 〈∆lens(z,n)∆lens(z′,n′)〉+ 〈∆std(z,n)∆lens(z′,n′)〉+ 〈∆lens(z,n)∆std(z′,n′)〉 , (3.4)
where ∆std = ∆den+∆rsd and ∆lens is given by the last term in the first line of Eq. (2.1). The redshifts
z and z′ inside the given redshift bin around z¯ and cos θ = n ·n′ are such that d = |r(z)n− r(z′)n′| =√
r(z)2 + r(z′)2 − 2r(z)r(z′) cos θ.
The large scale relativistic and wide-angle correlation function is defined as
ξrel(d, z¯) ≡ 〈∆rel(z,n)∆rel(z′,n′)〉+ 〈∆std(z,n)∆rel(z′,n′)〉+ 〈∆rel(z,n)∆std(z′,n′)〉 (3.5)
+〈∆std(z,n)∆std(z′,n′)〉full−sky − 〈∆std(z,n)∆std(z′,n′)〉flat−sky ,
where the first line contains the large scale relativistic effects and ∆rel is given by the last three
lines of Eq. (2.1), while the second line contains the wide-angle effects, i.e. the difference between the
standard terms calculated in the full-sky and in the flat-sky.
1 This can be obtained by considering the evolution of δ: in linear theory, δ(k, z) ∼ D1(z)δ(k, 0) ∼ δ(k, 0)/(1 + z),
hence P (k, z) ∼ P (k, 0)/(1 + z)2. On the other hand, in linear theory we also know that P (k) ∼ k−3 for large values of
k, and thus combining these two expressions we obtain kNL ∼ (1 + z)2/3, and from kNL ∼ 1/dNL we obtain the scaling
behaviour as described in the text.
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Figure 1: Signal-to-noise ratio (SNR) in each redshift bin for SKA2, using 8 redshift bins (blue) and
11 redshift bins (orange). The left panel shows the SNR for the lensing contribution and the right
panel the SNR for the large scale relativistic effects, including wide-angle effects. The horizontal lines
depict the width of the redshift bins. We also indicate the cumulative SNR over all redshift bins,
SNRtot.
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Figure 2: Signal-to-noise ratio (SNR) in each redshift bin for DESI, using 5 redshift bins (blue) and
8 redshift bins (orange). The left panel shows the SNR for the lensing contribution and the right
panel the SNR for the large scale relativistic effects, including wide-angle effects. The horizontal lines
depict the width of the redshift bins. We also indicate the cumulative SNR over all redshift bins,
SNRtot.
The covariance matrix contains both shot noise and cosmic variance. In the calculation of the
cosmic variance we include only the standard terms, since those are the dominant ones. Moreover,
we use the flat-sky approximation to calculate the covariance matrix, since even for large separations
most of the covariance comes from pixels that are close to each other. The covariance matrix accounts
for both correlations between different separations, di 6= dj , and for correlations between different
multipoles, ` 6= m. We consider different redshift bin configurations in order to test the sensitivity of
our analyses to the binning. For SKA2, we use an 8 bin and an 11 bin configuration, and for DESI a
5 bin and an 8 bin configuration (see Appendix A.4 and A.3 for more detail on these configurations).
In the calculation of the cumulative SNR over all redshift bins, we do not include the correlations
between different bins, since they are very small due to the relatively large size of the bins (∆z ≥ 0.08).
The results of the SNR analysis for SKA2 are shown in Fig. 1. The cumulative SNR for lensing
(left panel) is larger than 10 so that the lensing is clearly detectable in SKA2. Note that around
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z = 0.4 the magnification bias parameter s(z = 0.4) ' 0.4, and therefore the lensing contribution
almost exactly vanishes. At higher redshifts, s becomes much larger (see Fig. 13 in Appendix A.4),
and at the same time the integral along the photons’ trajectory significantly increases, such that the
lensing contribution becomes more and more important. At z = 1, the SNR becomes larger than one,
however the bulk of the contribution to the SNR comes from higher redshifts.
The SNR of the large scale relativistic effects (right panel of Fig. 1) always remains significantly
below one. This indicates that these terms do not affect parameter estimation in any appreciable way
and can be safely neglected in the data analysis. At low redshifts, the impact of large scale relativistic
effects is larger due to one of the Doppler terms which is enhanced by a factor 1/(r(z)H(z)) and whose
contribution to the correlation function scales therefore as
〈∆Dopp∆Dopp〉 ∼ 1/(rH)2(H/k)2〈∆dens∆dens〉 ∼ (d/r)2〈∆dens∆dens〉 , (3.6)
where we have used that k ∼ 1/d. Therefore, at very low redshifts and large separations this term
cannot be neglected, as has been already discussed in [46, 51–53].
The same analysis using DESI specifications is shown in Fig. 2. On the left panel, we see that
the SNR for the lensing term remains always well below one, and that even the cumulative SNR
over all redshift bins does not exceed one. This means that lensing will not be detectable with a
survey like DESI. This is due to the fact that at high redshift (z ≥ 1), when the integral along the
photons’ trajectory becomes important, the magnification bias parameter becomes close to 0.4, such
that 2 − 5s(z) is very small, see Fig. 12 in Appendix A.3. Consequently, the lensing contribution to
the number counts is strongly suppressed at high redshifts. This result is very sensitive to the value of
the magnification bias parameter s(z), which we have computed in Appendix A.3, using a Schechter
function to model the luminosity function, with parameters fitted to similar galaxy samples. This
gives us a crude approximation of s(z) for the different galaxy populations that will be detected by
DESI. A more precise determination of s(z) would be needed before one can definitely conclude that
lensing is irrelevant for DESI.
On the right panel of Fig. 2, we show the SNR for large scale relativistic effects in DESI. Like
for SKA2, the SNR remains well below one at all redshifts. Note however that since DESI starts
observing at lower redshift than SKA2, the SNR in the lowest bin is larger.
For both surveys, large scale relativistic effects cannot be detected. These results confirm that in
order to detect relativistic effects, we need alternative estimators constructed from different popula-
tions of galaxies. In the case of multiple populations, relativistic effects generate indeed odd multipoles
in the correlation function, that have an SNR of the order of 7 for DESI [54] and 46 for SKA2 [55],
making them clearly detectable with these surveys.
3.2 Shift of ΛCDM parameters
Since lensing is detectable by a survey like SKA2, we now study its impact on parameter esti-
mation. We use a Fisher matrix analysis to determine the error bars on each of the parameters
θa ∈ (Ωbaryon,Ωcdm, h, ns, As, b0). The Fisher matrix element for the parameters θa, θb is given by
Fab =
∑
z¯
∑
ij`m
∂ξ`(di, z¯)
∂θa
cov[ξstd` , ξ
std
m ]
−1(di, dj , z¯)
∂ξm(dj , z¯)
∂θb
. (3.7)
We perform two analyses: one where the multipoles of the correlation function ξ` contains only the
standard density and RSD contributions, and one where they also contain the lensing contribution.
Comparing the error bars in these two cases allows us to understand if lensing brings additional
constraining power. We also compute the shift of the central value of the parameters due to the fact
that lensing is neglected in the modelling, whereas it is present in the signal. This is given by (see
e.g. [26], appendix B):
∆(θa) =
∑
b
(F˜−1)abBb . (3.8)
Here we define
Bb ≡
∑
z¯
∑
ij`m
∆ξ`(di, z¯)cov[ξ
std
` , ξ
std
m ]
−1(di, dj , z¯)
∂ξ˜m(dj , z¯)
∂θb
, (3.9)
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Figure 3: Contour plot for ΛCDM parameters from the SKA2 Fisher analysis, using 11 redshift
bins. Blue contours show the constraints on parameters when we consistently include lensing in our
theoretical model. Red contours show the constraints on the parameters when we neglect lensing
magnification. In the latter case, the best-fit parameters are shifted with respect to the fiducial
values. In both cases we indicate 1σ and 2σ contours.
Table 2: The constraints and the shifts on ΛCDM parameters for SKA2, with 11 redshift bins
parameter b0 Ωbaryon Ωcdm h ns ln 10
10As
without lensing σ(θi)/θi (%) 0.37 1.32 0.37 1.26 1.05 0.70
with lensing σ(θi)/θi (%) 0.36 1.31 0.37 1.25 1.04 0.70
shift ∆(θi)/σ(θi) -0.05 0.29 -0.21 0.17 -0.57 -0.12
where ∆ξ` denotes the difference between the model and the signal (i.e. in our case, the lensing
term (3.4)), and the quantities with a tilde (∼) are computed without lensing, i.e. according to the
wrong model.
The results for SKA2 are shown in Table 2 and in Fig. 3. Comparing the error bars with and
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without lensing, we see that the improvement brought by lensing is extremely small. This is due to
the fact that density and RSD are significantly stronger than the lensing contribution and that they
are very efficient at constraining the standard ΛCDM parameters. This is very specific to ΛCDM,
in which the degeneracy between the bias b0 and the primordial amplitude As is broken by RSD,
as can be seen in Fig. 3. This result would change if we have a modified gravity model, where the
relation between density, velocity and gravitational potentials is altered and for which lensing brings
complementary information. We have also tested that our limited knowledge of the magnification bias
parameter, s(z), does not degrade the constraints on ΛCDM parameters. For this we parametrize
s(z) with four parameters (see Eq. (A.14)) that we include in the Fisher forecasts. We find that the
constraints on ΛCDM parameters are the same up to 1% as in the situation where s(z) is fixed.
From the third line of Table 2, we see that the parameter which is the most significantly shifted
when lensing is neglected in SKA2 is ns, which experiences a shift of −0.57σ(ns). For Ωbaryon and
Ωcdm the shifts are smaller but also not negligible. A shift of less than one σ is not catastrophic, but
it still indicates that the analysis can be significantly improved by including lensing in the modelling.
For example, such a shift could hide deviations from General Relativity if those deviations are in
the opposite direction as the shift. Note also that the Fisher analysis that we have performed is not
precise for a shift which approaches 1σ. A more robust analysis using MCMC may give an even larger
shift. Finally, we have checked that the results are very similar if we reduce the number of redshift
bins from 11 to 8.
Table 3: The constraints and the shifts on ΛCDM parameters for DESI, with 8 redshift bins.
parameter b0 Ωbaryon Ωcdm h ns ln 10
10As
without lensing σ(θi)/θi (%) 0.75 3.50 0.85 3.30 2.65 1.75
with lensing σ(θi)/θi (%) 0.75 3.50 0.85 3.30 2.65 1.75
shift ∆(θi)/σ(θi) 0.014 -0.005 -0.017 -0.008 -0.0004 0.005
A corresponding analysis for the DESI spectroscopic survey confirms the results already indicated
by the small SNR of the lensing term: neglecting lensing shifts all cosmological parameter by less than
0.02σ, meaning that lensing can be neglected in the analysis. The results are summarized in Table 3.
3.3 Shift of the growth rate
One of the main motivations to measure the multipoles of the correlation function is that they provide
a model-independent way of measuring the growth of structure f given by
f =
d lnD1
d ln a
=
D˙1
HD1 , (3.10)
where D1 is the linear growth function that encodes the evolution of density fluctuations: δ(k, z) =
D1(z)/D1(z = 0)δ(k, z = 0). This growth rate is very sensitive to the theory of gravity. It has been
measured in various surveys and is used to test the consistency of General Relativity and to constrain
deviations from it.
In ΛCDM, f is fully determined by the matter density Ωm = Ωbaryon +Ωcdm. In modified gravity
theories, the growth rate depends directly on the parameters of the theory. Here we take an agnostic
point of view and simply consider f in each redshift bin as a free parameter.
The monopole of the correlation function can be written as
ξ0(d, z) =
(
b2(z) +
2b(z)f(z)
3
+
f2(z)
5
)
1
2pi2
∫
dkk2Pδ(k, z)j0(kd) , (3.11)
where Pδ is the density power spectrum and j0 is the spherical Bessel function of order 0. Assuming
that the growth of structure is scale-independent, we can relate the power spectrum at redshift z to
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its value at a high redshift, z?, which we choose to be well in the matter era, before the acceleration
of the Universe has started
Pδ(k, z) =
(
D1(z)
D1(z?)
)2
Pδ(k, z?) . (3.12)
Similarly the parameter σ8(z), which denotes the amplitude of the mean matter fluctuation in a sphere
of radius 8h−1Mpc evolves as
σ8(z) =
D1(z)
D1(z?)
σ8(z?) . (3.13)
With this, the monopole of the correlation function can be written as
ξ0(d, z) =
(
b˜(z)2 +
2b˜(z)f˜(z)
3
+
f˜2(z)
5
)
µ0(d, z?) , (3.14)
where
f˜(z) ≡ f(z)σ8(z) and b˜(z) ≡ b(z)σ8(z) , (3.15)
and
µ`(d, z?) =
1
2pi2
∫
dkk2
Pδ(k, z?)
σ8(z?)2
j`(kd) , ` = 0, 2, 4 . (3.16)
Similarly the quadrupole and hexadecapole of the correlation function take the form
ξ2(d, z) = −
(
4b˜(z)f˜(z)
3
+
4f˜2(z)
7
)
µ2(d, z?) , (3.17)
ξ4(d, z) =
8f˜2(z)
35
µ4(d, z?) . (3.18)
The functions µ`(d, z?) encode the shape of the multipoles and they depend only on the physics
of the early Universe, before acceleration has started. Here we assume that this physics has been
determined with high precision by CMB measurements and we take these functions as fixed to their
fiducial values. The parameters f˜ and b˜ govern the amplitude of the multipoles, and they depend on
the growth of structure at late time, when the expansion of the Universe is accelerating. By combining
measurements of the monopole, quadrupole and hexadecapole, these two parameters can be measured
directly. The can then be used to test the theory of gravity. This procedure is valid for any model of
gravity or dark energy that does not affect the evolution of structures at early time before acceleration
has started, i.e. that leaves the functions µ`(d, z?) unchanged. In this case we can treat f˜ and b˜ as
free in each of the bins of the survey.
As discussed before, lensing generates a new contribution to Eqs. (3.14), (3.17) and (3.18). We
now determine how this new contribution shifts the measurement of f˜ and b˜ in each redshift bin.
In Fig. 4, we show b˜ and f˜ inferred with and without the lensing contribution and we compare the
difference with the size of the error bars. At high redshift, z > 1.2 the shift from neglecting lensing is
clearly larger than 1σ. The precise values of the shifts are given in Table 4 for each redshift bin. We
see that in the highest bin, the shift reaches 3.1σ for b˜, and -2.3σ for the growth rate f˜ . The fact that
b˜ is shifted towards a larger value, whereas f˜ is shifted towards a smaller value can be understood in
the following way: the lensing contribution to the monopole, quadrupole and hexadecapole is positive.
In all cases the signal is therefore larger than the model, which does not include lensing. To account
for this, the combinations of b˜ and f˜ in Eqs. (3.14), (3.17) and (3.18) need to be shifted towards larger
values for all multipoles. This shift is however not the same for all multipoles: in particular the impact
of lensing on the quadrupole is larger than on the monopole. One way to account for this is to increase
b˜ while decreasing f˜ . Note that this leads to a shift in the wrong direction for the hexadecapole, but
since the SNR of the hexadecapole is significantly smaller than that of the monopole and quadrupole,
it has a much smaller impact on parameter estimation.
Our analysis shows that neglecting lensing above redshift 1 is not possible for a survey like SKA2.
Since the growth rate of structure is directly used to test the theory of gravity, such large shifts would
wrongly be interpreted as a deviation from General Relativity.
– 11 –
1.3 1.4 1.5 1.6 1.7 1.8
z¯
0.7
0.8
0.9
1.0
b˜
0.5 1.0 1.5
z¯
0.35
0.40
0.45
f˜
Figure 4: The parameters b˜ (left panel) and f˜ (right panel) plotted as a function of the mean redshift
of the bin without lensing (blue), and with lensing (dashed orange), for SKA2 with 11 redshift bins.
We also show the error bars, that are highlighted in red for visibility in the left plot.
Table 4: Values of the parameters b˜ (left table) and f˜ (right table) in each redshift bin, for SKA2.
We also show the relative error bars on these parameters, σ/θ, and the ratio of the shift over the error
bars, ∆/σ, when lensing is neglected in the modelling of the multipoles.
z¯i b˜i
σ
θ
(b˜i)(%)
∆
σ
(b˜i)
0.20 0.52 2.55 -0.02
0.28 0.53 2.06 -0.01
0.36 0.54 1.19 -0.01
0.44 0.55 0.99 -0.00
0.53 0.57 0.80 0.01
0.64 0.59 0.63 0.04
0.79 0.62 0.47 0.15
1.03 0.68 0.25 0.55
1.31 0.76 0.28 1.39
1.58 0.85 0.39 2.50
1.86 0.97 0.50 3.10
z¯i f˜i
σ
θ
(f˜i)(%)
∆
σ
(f˜i)
0.20 0.47 3.21 0.02
0.28 0.48 2.61 0.01
0.36 0.48 1.58 0.01
0.44 0.48 1.33 0.00
0.53 0.48 1.11 -0.01
0.64 0.47 0.91 -0.04
0.79 0.46 0.71 -0.14
1.03 0.44 0.46 -0.46
1.31 0.40 0.63 -1.12
1.58 0.37 1.08 -1.97
1.86 0.34 2.11 -2.26
The difference between the analysis presented here and the ΛCDM analysis of Section 3.2, is that
in the ΛCDM analysis most of the constraining power on the parameters comes from small redshift,
where shot noise is significantly smaller due to the large number of galaxies. At these small redshifts,
lensing is still negligible and has therefore a relatively small impact on the determination of these
parameters. On the other hand, in the model-independent analysis presented here, b˜ and f˜ are free
in each redshift bin, and therefore the constraints on their value comes from the bin in question. As a
consequence, at high redshift, where lensing is important, those constraints are very strongly affected
by lensing.
As is clear from our derivation of the shift ∆, the particular value of the shift can only be trusted
for values which are (significantly) less that 1σ. Hence our results which yield shifts of 1σ and more
simply indicate that there is a large shift, that cannot be neglected. The precise value of this shift
would have to be determined by an MCMC method which goes beyond the scope of the present work,
see e.g. [26].
We now study how the constraints and shifts change if instead of fixing s(z) we parametrize
it with four parameters (see Eq. (A.14)) and include these parameters in the Fisher analysis. As
can be seen from Table 5, this degrades the constraints on b˜ and f˜ by up to 25%. We see that
the low redshift bins are also affected, even though the lensing contribution is negligible there. This
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Figure 5: The shift divided by the 1σ error for the parameters b˜ (left panel) and f˜ (right panel),
plotted as a function of the mean redshift of the bin, for SKA2. The 8 redshift bins configuration is
shown in blue and the 11 redshift bins configuration in orange. The horizontal lines denote the widths
of the redshift bins.
is simply due to the fact that adding extra parameters in the model has an impact on all the other
parameters, including the values of b˜ and f˜ at small redshift. This degradation of the constraints could
be mitigated by an independent measurement of s(z). This parameter is indeed given by the slope
of the luminosity function which can be measured from the population of galaxies at each redshift.
Again we conclude that a precise measurement of s(z) is crucial for an optimal analysis.
Table 5: Same as Table 4, except with the magnification bias parameters {s0, s1, s2, s3} marginalized
over.
z¯i b˜i
σ
θ
(b˜i)(%)
∆
σ
(b˜i)
0.20 0.52 3.17 -0.01
0.28 0.53 2.51 -0.01
0.36 0.54 1.44 -0.01
0.44 0.55 1.26 -0.00
0.53 0.57 1.04 0.01
0.64 0.59 0.81 0.03
0.79 0.62 0.57 0.13
1.03 0.68 0.30 0.47
1.31 0.76 0.34 1.16
1.58 0.85 0.47 2.07
1.86 0.97 0.60 2.60
z¯i f˜i
σ
θ
(f˜i)(%)
∆
σ
(f˜i)
0.20 0.47 3.98 0.01
0.28 0.48 3.20 0.01
0.36 0.48 1.91 0.01
0.44 0.48 1.67 0.00
0.53 0.48 1.37 -0.01
0.64 0.47 1.09 -0.03
0.79 0.46 0.83 -0.12
1.03 0.44 0.51 -0.41
1.31 0.40 0.70 -1.00
1.58 0.37 1.21 -1.76
1.86 0.34 2.29 -2.08
Finally, in Fig. 5, we compare the shift of b˜ and f˜ for two configurations in SKA2: one with 11
redshift bins, and one with 8 redshift bins. We see that the results are very similar: in both cases the
shift becomes larger than 1σ above redshift ∼ 1.2.
We have performed a similar analysis for DESI, and we found that the shifts on the parameters
are completely negligible at all redshifts, as can be seen from Table 6. This has several reasons, all
related to the fact that the lensing SNR for DESI is always below 1. First, DESI does not go out to
redshifts as high as SKA2 and hence the lensing contribution is smaller. Furthermore, the error bars
for DESI are simply larger than the ones for SKA2, due to the smaller sky coverage. But the most
relevant point is that the prefactor 5s(z) − 2 which determines the amplitude of the lensing term is
always significantly smaller for DESI than for SKA2. It is only for very low redshifts for which the
integral along the photons’ trajectory is still small, that DESI has a relatively large s(z). As discussed
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in the previous section, this result is based on our derivation of s(z) for the different populations of
galaxies in DESI, and should be confirmed by a more detailed modelling of s(z).
Table 6: Values of the parameters b˜ (left table) and f˜ (right table) in each redshift bin, for DESI
with 8 redshift bins. We show also the relative error bars on these parameters, σ/θ, and the ratio of
the shifts over the error bars, ∆/σ, when neglecting lensing in the modelling of the multipoles.
z¯i b˜i
σ
θ
(b˜i)(%)
∆
σ
(b˜i)
0.10 1.07 3.08 -0.00
0.21 1.07 1.80 0.00
0.42 1.21 0.46 0.05
0.65 1.40 0.37 0.02
0.79 0.87 0.72 0.03
0.91 0.77 0.55 0.05
1.07 0.67 0.65 0.01
1.39 0.69 0.66 0.02
z¯i f˜i
σ
θ
(f˜i)(%)
∆
σ
(f˜i)
0.10 0.45 10.17 0.00
0.21 0.47 6.03 -0.00
0.42 0.48 2.26 -0.05
0.65 0.47 2.81 -0.02
0.79 0.46 2.33 -0.03
0.91 0.45 1.64 -0.05
1.07 0.43 1.68 -0.01
1.39 0.40 2.33 -0.01
3.4 Determination of the lensing amplitude
Table 7: 1σ relative error (in percent) for the standard ΛCDM parameters, the bias, and the ampli-
tude of the lensing potential, AL, for SKA2 with 11 redshift bins.
b0 Ωbaryon Ωcdm h ns ln 10
10As AL
0.37% 1.32% 0.37% 1.26% 1.05% 0.70% 5.46%
Finally, we study how well the amplitude of the lensing potential can be measured with SKA2.
We include a parameter AL in front of the lensing potential, with fiducial value AL = 1, and we
let this parameter vary in the Fisher forecasts. Since the quantity which is measured with lensing
is the combination AL(5s(z) − 2), we can only measure AL if the magnification bias parameter is
known. The results are shown in Table 7. We see that SKA2 can measure AL with a precision of
5.46%, which reflects the relatively large signal-to-noise ratio of lensing in SKA2. Comparing these
results with those in Table 4, with AL fixed, we see that adding this extra free parameter has almost
no impact on the other constraints, that are degraded by less than 1%. This can be understood by
the fact that the constraints on ΛCDM parameters come exclusively from density and RSD. Adding
lensing does not improve the constraints on these parameters. Therefore whether AL is fixed or not
has no impact on the constraints of the ΛCDM parameters.
4 The C`(z, z
′) angular power spectra – photometric surveys
For photometric surveys, where the redshift is not very well known, and the number of redshift bins
is not exceedingly large, we base our parameter estimation on the angular power spectra, C`(z, z
′).
The angular power spectrum is related to the two-point correlation of ∆ through
〈∆(n, z)∆(n′, z′)〉 = 1
4pi
∑
`
(2`+ 1)C`(z, z
′)P`(n · n′) , (4.1)
where P` denotes the Legendre polynomial of degree `. The C`(z, z
′)’s are well adapted to future
surveys since they automatically encode wide-angle effects. Another advantage of the C`(z, z
′)’s is
that they refer only to directly measured quantities z, z′ and θ and can therefore be determined
from the data in a completely model independent way. Moreover, lensing is easily included in their
– 14 –
0.000
1.000
P
/P
m
ax
0.046
0.049
0.051
Ω
b
ar
yo
n
0.000
1.000
P
/P
m
ax
0.257
0.258
0.259
Ω
cd
m
0.000
1.000
P
/P
m
ax
2.900
3.250
3.600
ln
10
10
A
s
0.000
1.000
P
/P
m
ax
0.958
0.972
0.985
n
s
0.000
1.000
P
/P
m
ax
0.668 0.691
h
0.760
0.905
1.050
b 0
0.046 0.051
Ωbaryon
0.257 0.259
Ωcdm
2.900 3.600
ln1010As
0.958 0.985
ns
0.760 1.050
b0
0.000
1.000
P
/P
m
ax
LSST 12 bins with lensing
LSST 12 bins without lensing
Figure 6: Contour plot for the LSST Fisher analysis, in the 12 bins configuration. Blue contours
show the constraints on the parameters when we consistently include lensing in our theoretical model.
Red contours show the constraints on the parameters obtained neglecting lensing magnification. In
the latter case, the best-fit parameters are shifted with respect to the fiducial values.
modelling. The C`(z, z
′)’s provide therefore a new route, alternative to the shape measurements of
background galaxies, to determine the lensing potential.
We investigate the precision with which a photometric galaxy catalog like LSST will be able
to constrain cosmological parameters from the galaxy number counts. We consider three different
configurations with 5, 8 and 12 redshift bins and perform a Fisher matrix analysis for the ΛCDM
parameters given in Table 1, plus the bias with fiducial value b0 = 1. The evolution of the bias with
redshift is given in Appendix A.2. We first fix s(z) as given in Appendix A.2.
As for spectroscopic surveys, we perform two Fisher analyses: one where we neglect lensing,
and one where we include it. This allows us to compare the error bars in these two cases and to
determine whether lensing brings additional constraining power. We also compute the shift of the
parameters when lensing is excluded. In all cases we include both the auto-correlation, C`(z, z),
and the cross-correlation between different bins, C`(z, z
′) with z 6= z′. More details are given in
Appendix B.
The results are shown in Fig. 6. We find that increasing the number of bins significantly reduces
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the error bars and in the following we show therefore only the optimal case, with 12 redshift bins.
Results for the 5 and 8 bins configurations can be found in Appendix B. Comparing the error bars
with and without lensing, we see that adding lensing has a small impact on the constraints for most of
the ΛCDM parameters, nearly as for spectroscopic surveys. The only constraints that are significantly
improved when lensing is included are those on the bias b0 and on the primordial amplitude As. This
can be understood by the fact that the density contribution is sensitive to the combination b20As,
whereas the lensing contribution is sensitive to b0As (through the density-lensing correlation) and
to As (through the lensing-lensing correlation). As a consequence, the lensing contribution helps
breaking the degeneracy between As and b0.
We have studied how this improvement changes if instead of fixing s(z) we model it by three
parameters (see Appendix A.2) that we let vary in our Fisher analysis. We find that in this case
including lensing provides almost no improvement on the parameters constraints (see Fig. 16 in
Appendix B.1). A good knowledge of s(z) is therefore crucial.
From Fig. 6, we see that the shifts induced by neglecting lensing are somewhat larger than in
spectroscopic surveys. This is due first to the fact that in photometric surveys the density contribution
is smaller than in spectroscopic surveys, due to the large size of the redshift bins, which averages
out the small-scale modes. In spectroscopic surveys, this effect is almost absent since the density
contribution is averaged over the size of the pixels, which are usually very small, between 2−8 Mpc/h.
The lensing on the other hand is almost unaffected by the size of the bins or pixels (see e.g. discussion
in [33]), and therefore its relative importance with respect to the density contribution is larger in
photometric surveys than in spectroscopic surveys. The second effect which reduces the importance
of lensing in spectroscopic surveys is the fact that only the first three multipoles are measured there.
Since lensing has a complicated dependence on the orientation of the pair of galaxies, these first three
multipoles only encode part of the lensing signal, which contributes to much larger multipoles as has
been shown in [53]. As a consequence, part of the lensing signal is removed in spectroscopic analyses.
This is not the case in photometric surveys, where the angular power spectrum is used, which contains
the full lensing contribution.
The fact that the lensing contribution shifts cosmological parameters in photometric surveys is
consistent with previous studies [25, 26, 28, 37], and it shows that lensing cannot be neglected in a
survey like LSST. The parameter which is the most shifted is the spectral index ns, which is shifted
by 1.3σ when lensing is neglected (see Table 16 in Appendix B.1). Lensing adds small scale power and
if this is interpreted as coming from density fluctuations, a somewhat larger spectral index is inferred.
The bias b0 and the amplitude As are also shifted by more than 1σ. We see that As is shifted toward
a larger value, whereas b0 is shifted toward a smaller value. This can be understood in the following
way: the lensing term contributes positively to the angular power spectrum at high redshift, when
lensing is important. As and b0 must therefore be shifted to increase the amplitude of the C`’s. Since
lensing increases with redshift, this shift cannot be the same at all redshift, and it is therefore not
possible to increase both b0 and As. The solution is then to increase As but to decrease b0. By doing
that, the density contribution, which is proportional to Asb
2
0, increases less than the RSD contribution
which is sensitive to Asb0 and As. Since the relative importance of RSD with respect to the density
increases with redshift, this is the best way of mimicking the lensing signal. Note that the opposite
happens, if instead of considering 12 redshift bins, we consider 5 redshift bins. In this case, As is
shifted toward a smaller value, while b0 is shifted toward a larger value (see Table 16 in Appendix B.1).
For 5 redshift bins, RSD are completely subdominant, and therefore the redshift dependence of the
lensing cannot be reproduced by a shift of As and b0. What governs the shift of As and b0 in this
case is probably the redshift bin where lensing affects the constraints most. Finally, h is also shifted,
by a larger amount than in the spectroscopic case. Only Ωcdm and Ωbaryon are virtually unaffected.
On the other hand, we have tested that including or not the large scale relativistic effects does not
influence the parameter estimation appreciably. It is therefore justified to only consider density, RSD
and lensing for the analysis.
In Fig. 7 and Table 8, we compare the size of the error bars for LSST, DESI and SKA2. The error
bars on h and ns in LSST are a factor of 5 times smaller than in DESI and a factor of 2 times smaller
than in SKA2. The constraints on Ωcdm are also better in LSST than in SKA2 and DESI. This is
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Figure 7: The comparison of constraints on cosmological parameters in ΛCDM, including lensing,
from: SKA2 spectroscopic using 11 bins (blue), DESI spectroscopic using 8 bins (red), and LSST
photometric using 12 bins and the redshift range [0, 2.5] and using both auto- and cross-correlations
(black), with the galaxy bias parameter b0 marginalized.
Table 8: Constraints (in percent) on ΛCDM parameters for DESI (8 bins), SKA2 (11 bins) and
LSST (12 bins).
survey
parameter
b0 Ωbaryon Ωcdm h ns ln 10
10As
DESI 0.75 3.50 0.85 3.30 2.65 1.75
SKA2 0.36 1.31 0.37 1.26 1.04 0.70
LSST 2.4 2.41 0.21 0.67 0.50 1.6
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simply due to the larger number of galaxies in photometric samples, which strongly reduces the shot
noise compared to spectroscopic samples. On the other hand, the constraints on Ωbaryons, b0 and As
are significantly better in SKA2 than in LSST. For Ωbaryon this is due to the fact that the constraints
depend on a good resolution of the acoustic oscillations. For As and b0, the difference between SKA2
and LSST comes from the fact that these two parameters are degenerate in the density contribution.
RSD break this degeneracy very strongly in SKA2, but only marginally in LSST, where they are
subdominant. Lensing helps breaking this degeneracy in LSST, but less efficiently because of the size
of this contribution. Generally, from Fig. 7, we see that LSST and SKA2 are affected by different
degeneracies between parameters, and that they are therefore highly complementary to constrain
ΛCDM parameters. As discussed in Section 3.3, SKA2 has furthermore the advantage of measuring
the growth rate of structure f in a model-independent way, something which is not achievable with a
photometric survey like LSST.
Finally, we have studied how well we can measure the lensing amplitude AL with LSST. We find
that AL can be determined with a precision of 7.7% (see Table 17 in Appendix B.2). This is worse
than the precision obtained on AL with SKA2 (5.5%), which is somewhat surprising since lensing is
stronger in the cross-correlation of the C`’s than in the multipoles of the correlation function. It can
however be understood from the fact that, in the C`’s, RSD are strongly subdominant, whereas in
the correlation function, RSD are extremely well detected. As a consequence, in the C`’s, As and
b0 are degenerate and this degeneracy is only broken if lensing is added with a known amplitude.
If we do not know the lensing amplitude, adding lensing helps only marginally since lensing is now
sensitive to the combinations ALb0As (through the density-lensing correlations) and to A
2
LAs (through
the lensing-lensing correlations). In this case adding lensing improves the constraints on As and b0
by only a few percents, and AL is less well determined than in a spectroscopic survey, where the
degeneracy between b0 and As is already broken by RSD.
5 Combining angular power spectra and correlation function
One drawback of the correlation function is that it does not account for correlations between different
redshift bins. In this section, we propose an improved analysis that uses the multipoles of the correla-
tion function in each redshift bin, and the angular power spectrum for the cross-correlations between
different redshift bins. These two estimators can be considered as independent, since the correlation
function probes the auto-correlation of density and RSD within a bin, and neglects correlation of these
quantities between different redshift bins. On the other hand, the angular power spectrum probes
the density and lensing cross-correlations between different bins, but neglects their correlation within
the same redshift bin. We can therefore simply add these two estimators in the Fisher matrix. We
consider the ΛCDM parameters of Table 1, plus the galaxy bias of SKA2.
We perform an analysis where we include lensing in the angular power spectrum but neglect
it in the multipoles of the correlation function. We first study the shift inferred on cosmological
parameters in this analysis. The motivation for this analysis is that it is much easier to include the
lensing contribution in the C`(z, z
′) than in the correlation function. We want therefore to understand
if this is enough to remove the shift of the whole analysis. We find that this is not the case, and that
the shift is the same with and without the cross-correlations (see Fig. 18 in Appendix C).
We then compare the constraints on ΛCDM cosmological parameters of this analysis with the
ones obtained when only the correlation function is used. We find that adding the C`’s improves the
constraints by less than 6 %.
We then extend this combined analysis to the case where we have a spectroscopic and a pho-
tometric survey. For this we use equal redshift bins for both types of surveys. Inside one redshift
bin we then consider only the spectroscopic survey with the correlation function, while for the cross-
correlations of different bins we consider only the photometric survey with the angular cross-power
spectrum, C`(z, z
′). To this we add the auto and cross-correlations of the C`(z, z′) for the high redshift
bins, z ∈ [2, 2.5], that are observed with LSST but not with SKA2 2. As before we can neglect the
2We also consider the cross-correlations of these high bins with the ones common to LSST and SKA2.
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Figure 8: The constraints on cosmological parameters from SKA2 (blue) and SKA2 + LSST only
cross-correlation (red) using a configuration with 8 redshift bins as described in A.4, plus the additional
redshift bin for LSST with z¯ = 2.25 and ∆z = 0.5. The shifts of the contours are computed neglecting
lensing from the correlation function (SKA2), and consistently including it in the angular power
spectrum (LSST). The black lines on the diagonal plots denote the fiducial values.
covariance between the C`’s and the correlation function. In principle, we could also add to this com-
bined analysis the auto-correlation of the angular power spectrum for z ≤ 2, which brings additional
information since the sample of galaxies in the spectroscopic and photometric surveys are different.
However, to do this in a consistent way we would have to account for the covariance between the C`’s
and the correlation function within the same redshift bin, since the different populations of galaxies
trace the same underlying density field. This is beyond the scope of our paper.
We use the 8 bin configuration from SKA2, since the redshift resolution of LSST does not allow
us to use the 11 bin configuration, and we add an extra bin for LSST with z¯ = 2.25 and ∆z = 0.5.
We have tested that the results for SKA2 are very similar for the 8 and 11 bins configurations. We
consider the ΛCDM parameters of Table 1, plus the bias of SKA2 and the bias of LSST. Since the
bias of SKA2 and the bias of LSST are independent, we cannot constrain the bias of LSST using
the auto-correlation of SKA2. To solve this problem, we include in the entry of the Fisher matrix
related to the bias of LSST the auto-correlation of the C`’s. This can be consistently done since the
two biases are independent and there is therefore no covariance between the C`’s and the correlation
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Table 9: Constraints (in percent) and shifts in unit of 1σ on ΛCDM parameters for SKA2 (8 bins),
SKA2 (8 bins) + LSST-cross (9 bins) with magnification bias fixed, SKA2 (8 bins) + LSST-cross (9
bins) with three parameters for the LSST magnification bias marginalized over.
survey
parameter
h ln 1010As ns Ωbaryon Ωcdm
SKA2 σ [%] 1.255 0.697 1.041 1.312 0.372
∆/σ 0.198 -0.145 -0.606 0.320 -0.194
SKA2 + LSST-cross σ [%] 1.096 0.619 0.853 1.148 0.337
s(z) fixed ∆/σ -0.225 0.347 -0.183 -0.069 -0.594
SKA2 + LSST-cross σ [%] 1.096 0.619 0.854 1.149 0.337
s(z) marginalized ∆/σ -0.243 0.327 -0.165 -0.094 -0.585
function for this entry.
As before, we compute the shift generated by an analysis where we include lensing in the angular
power spectrum but not in the correlation function. In Fig. 8 and Table 9 we compare this analysis with
the one of Section 3.2, where we consider only SKA2. We have marginalized over the clustering biases
of the two surveys. For the parameters, ns and Ωbaryon, adding the angular power spectrum reduces
the shift generated by neglecting lensing. However, it does not completely remove it. Moreover, for
Ωcdm, As and h, the shift even though still quite small, actually increases. Interestingly for h and
As the shift changes sign. This is possible since the parameters are not independent. For example
decreasing Ωcdm requires a larger amplitude As and in the present case, the best fit actually request
an As which is about 0.35σ too large, while when only considering SKA2 one obtains a value which
is 0.15σ too small. In Table 9 we also compare the shifts when the magnification bias of LSST is
fixed, with the shifts when the magnification bias is parameterized with three parameters. We see
that the shifts are very similar in the two cases. These results show that including lensing only in the
angular power spectrum is not a satisfactory solution. One needs to include it both in the angular
power spectrum and in the multipoles of the correlation function.
We then compare the constraints in the best-fit parameters obtained from the SKA2 analysis,
with the ones in the combined analysis. The results are shown in Table 9 for the two cases, i.e. when
the magnification bias of LSST is fixed and when it is parameterized with three parameters. 3 In both
cases, we find that including the cross-correlations from LSST, the constraints on the parameters
improve by 10–20%. We find that, marginalizing over the magnification bias parameters does not
have a significant impact on the combined analysis. This is due to the fact that the improvement in
the constraints in the combined analysis is mainly driven by the density correlations between adjacent
redshift bins and not by lensing.
Note that here we have only studied the ΛCDM case. We defer an analysis, where we consider
the growth of structure in each redshift bin as a free parameter, to a future paper. This will require
to rewrite the angular power spectrum in terms of this growth rate and to determine how well the
constraints on this quantity are improved by adding the C`’s to the correlation function.
6 Conclusion
In this paper we have studied the impact of gravitational lensing on the number counts of galaxies. We
have considered both spectroscopic and photometric surveys. We have used a Fisher matrix analysis
to determine the precision with which parameters can be constrained, and to compute the shift of
these parameters when we neglect lensing. We have only considered quasi-linear scales. Including
smaller scales with good theoretical control over the non-linear corrections will certainly improve the
capacity of future surveys.
3Note that we have verified that, for SKA2, neglecting lensing or parametrizing the magnification bias sSKA2(z) and
then marginalizing over it has almost not impact on the constraints.
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For a photometric survey like LSST, we have confirmed the results previously derived in the
literature [24, 26–29], showing that lensing cannot be neglected in the measurement of standard
ΛCDM parameters since this would induce a shift of these parameters as high as 1.3σ.
Our analysis for spectroscopic surveys is completely new, since lensing has never been included in
the modelling of the multipoles of the correlation function so far. We have found that the importance of
lensing on parameters estimation depends strongly on the cosmological model. For a ΛCDM analysis,
neglecting lensing in a survey like SKA2 generates a shift of at most 0.6σ. However, we argue that
this is non-negligible, because such a shift could hide (or enhance) deviations from General Relativity.
If instead we perform a model-independent analysis, where the parameters to measure are the growth
rate of structure and the bias in each redshift bin, then neglecting lensing in SKA2 generates a shift
of the growth rate as large as 2.3σ in the highest bins of the survey. Since the growth rate is directly
used to test the theory of gravity, such a large shift would be wrongly interpreted as the breakdown
of General Relativity. It is therefore of crucial importance to develop fast and efficient codes that
include the lensing contribution, and that can be used in the analysis of future spectroscopic surveys.
Contrary to SKA2, we have found that lensing has almost no impact on a survey like DESI. This
is mainly due to the fact that in DESI the value of the prefactor, 5s(z) − 2, is 6 times smaller than
for SKA2 at z > 1, where the lensing contribution could become relevant. However, a more detailed
modelling of s(z) is needed in order to confirm this result.
We have also compared the constraining power of DESI, SKA2 and LSST. A somewhat surprising
result is that LSST promises the best constraints on three of the standard cosmological parameters:
Ωcdm, h and ns In particular, we have found that LSST can achieve about twice smaller error bars
than the most futuristic spectroscopic survey presently planned, SKA2, for h and ns. The main reason
for this is the number of galaxies which is about 10 times higher in LSST (N ∼ 1010) than in SKA2
(N ∼ 109) yielding 3 times smaller shot noise errors. This more than compensates for the reduced
redshift accuracy which is not so crucial for Ωcdm, h and ns. On the contrary, SKA2 constrains better
Ωbaryon (which relies on a good resolution of the baryon acoustic oscillations), As and the bias. These
last two parameters are degenerate in the density contribution, and therefore RSD, which are very
prominent in a spectroscopic survey like SKA2, are important to break this degeneracy. We have seen
that lensing does help breaking this degeneracy in LSST, and consequently improves the constraints
on As and the bias by a factor of 3. However, this is not sufficient to be competitive with SKA2.
Interestingly, we have also found that the amplitude of the lensing potential, AL, is better determined
with SKA2 than with LSST.
This comparison shows that spectroscopic and photometric surveys are highly complementary
to probe ΛCDM, since they are affected differently by degeneracies between parameters. Using pho-
tometric surveys not only for shear (weak lensing) measurements but also for galaxy number counts
is therefore a very promising direction. We however stress that the best constraints for LSST are
achieved if we use 12 redshift bins, hence good photometric redshifts are important. The errors on
parameters using 8 redshift bins for LSST are substantially larger than those of SKA2 and comparable
or larger than those of DESI.
The real advantage of spectroscopic surveys over photometric surveys is their capability to mea-
sure the growth rate of structure in a model-independent way, by combining measurements of the
monopole, quadrupole and hexadecapole. For DESI we have found that for the redshift bins centered
around z = 0.4 and higher, DESI can measure the growth rate with an accuracy of 2–3% and the bias
to better than 1%. SKA2 will improve on these constraints, measuring the growth rate in each bins
with an accuracy of 0.5–3% for the growth rate, and of 0.2–1% for the bias.
We have not studied the constraint on the growth rate for photometric surveys since for the
bin widths of ∆z ≥ 0.2 considered in LSST, RSD are washed out and the sensitivity to f(z) is lost.
However, as shown in [56] (see their Fig. 9), already for bin widths of ∆z ≤ 0.1 the signal-to-noise
ratio of RSD for a photometric survey with negligible shot noise can reach 10 for z = 0.5 and larger
for higher redshifts (up to 100 for z = 2). Therefore, with sufficiently good photometric redshifts and
sufficiently high numbers of galaxies, photometric surveys can also be used to determine the growth
rate and provide a stringent test of gravity.
Finally, we have proposed a way of combining spectroscopic and photometric surveys, by using
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the multipoles of the correlation function within each redshift bin, and the angular power spectrum
to cross-correlate different redshift bins. We have found that for SKA2 and LSST, neglecting lensing
in the multipoles of the correlation function but including it in the C`’s is not enough to completely
remove the shift, which remains of the order of 0.6σ.
Therefore, lensing has to be included in the modelling of both the correlation function and the
angular power spectrum. Moreover, for standard ΛCDM parameters, we have found that adding
cross-correlations from LSST to SKA2 improves the constraints by 10–20%. This shows that some
information is present in the cross-correlations between different redshift bins, that should not be
neglected. We have found that, for ΛCDM parameters, this information mainly comes from density
correlations between neighbouring bins, rather than from lensing correlations.
At the moment, such a combined analysis does not allow us to measure the growth rate in a
model-independent way, since it is not clear how this growth rate can be modelled in the angular
power spectrum. This would however be an optimal analysis, that would combine model-independent
measurements of the growth rate and of the lensing amplitude, which can be measured with good
accuracy from the cross-correlations of the C`’s. Such a measurement will significantly increase
our capability to test gravity, by probing the relation between density, velocity and gravitational
potentials.
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A Survey specifications and biases
In this appendix we specify the redshift bins, zi, as well as the galaxy bias, b(zi), the magnification
bias, s(zi), and the number of galaxies per bin, N(zi), for the three surveys considered in this paper.
For LSST and SKA2 we can refer to the literature for estimations of the magnification bias s(z). For
DESI we derive an effective s(z) by studying the three different galaxy populations which the survey
will observe.
A.1 Magnification bias: generalities
In order to compute the magnification bias for a galaxy population, we need to estimate the luminosity
function, i.e. the comoving number density of sources in a certain luminosity range, for the type of
galaxies under consideration. The luminosity function is modelled analytically with a Schechter
function. In terms of the absolute magnitude M it can be expressed as [24]
Φ(M, z)dM = 0.4 ln (10)φ∗
(
100.4(M
∗−M)
)α+1
exp
[
−100.4(M∗−M)
]
dM . (A.1)
The parameters φ∗, M∗ and α are redshift dependent and they can be estimated from data for different
types of galaxies.
The magnification bias, at a given redshift, is computed as in [24]
s(z,Mlim) =
1
ln 10
Φ(Mlim, z)
n¯(M < Mlim)
, (A.2)
where n¯(M < Mlim) is the cumulative luminosity function
n¯(M < Mlim) =
∫ Mlim
−∞
Φ(M, z)dM . (A.3)
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The limiting magnitude, or flux, is fixed in the observer frame-band. Therefore, for each sur-
vey and galaxy sample we need to convert the apparent limiting magnitude mlim into the absolute
magnitude at the redshift of the sources Mlim. These two quantities are related as follows [37]
M = m− 25− 5 log10
[
DL(z)
10 Mpc h−1
]
+ log10 h−K(z) . (A.4)
Here DL is the luminosity distance and K is the K-correction [58]
100.4K(z) =
∫
T (λ)flog(λ)d lnλ∫
T (λ)flog(λ/(1 + z))d lnλ
, (A.5)
where flog = λfλ is the logarithmic flux density and T is the effective filter transmission function
in a given band. The galaxy spectra are observed in a fixed waveband, while absolute magnitudes
are affected by a shift of the spectrum in frequency. The K-correction accounts for this effect: it is
an estimate of the difference between the observed spectrum at a given redshift and what would be
observed if we could measure true bolometric magnitudes.
To sum up, in order to estimate the magnification bias, we need the luminosity function of the
galaxy population, the limiting magnitude for a galaxy survey, and an estimate of the K-correction
for the survey’s observed wavebands.
A.2 LSST
The Large Synoptic Survey Telescope (LSST) [59] is a wide-angle deep photometric survey expected
to be operational from 2022. In our forecast, we adopt the specifics for LSST described in Ref. [37],
i.e. we consider the so-called LSST ’gold’ sample: we assume a redshift range z ∈ [0, 2.5] and a sky
fraction fsky = 0.5. The galaxy sample here considered includes approximately 3 billions galaxies.
The luminosity function of the sample is modelled as a Schechter function, with constant slope
and redshift-dependent M∗ and φ∗, while the K-correction is assumed to be proportional to the
redshift of the sources (see Ref. [37] for details).
The computation of the redshift distribution of the sources, the galaxy bias and the magnification
bias has been implemented by the authors of Ref. [37] in a public routine4. The specifics for LSST
here described are computed using this code.
In Fig. 9 we show the redshift distribution for the LSST galaxy sample, for different values of
the magnitude cut mlim. The ’gold’ sample, which we use in our analysis, will adopt a magnitude-cut
mlim = 26.
In Fig. 10 we show the redshift dependence of galaxy bias (panel 10a) and magnification bias
(panel 10b). The galaxy bias is modelled as b(z) = 1+0.84 z. In our Fisher forecasts, we multiply this
bias by a parameter b0 with fiducial value b0 = 1, that we let vary. The different markers denote the
values of the galaxy bias b(z) at the mean redshifts for the three configurations studied in Appendix B.
In our Fisher analyses we consider two cases for the magnification bias: one where we fix it to its
fiducial value, and one where we model it with some parameters, that we let vary. For this purpose,
we fit s(z) from Fig. 10b with an exponential
s(z) = s0e
s1z+s2z
2
, (A.6)
where s0, s1 and s2 are three free parameters with fiducial values s0 = 0.1405663, s1 = 0.30373535
and s2 = 0.2102986.
A.3 DESI
The DESI (Dark Energy Spectroscopic Instrument) survey will be split into three types of galaxies:
emission line galaxies (ELG), luminous red galaxies (LRG), and the bright galaxy sample (BGS), the
distribution of which is shown in Fig. 11, with a total number of galaxies Ntot ∼ 3.4× 107.
4http://intensitymapping.physics.ox.ac.uk/Codes/ULS/photometric/
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Figure 9: Redshift distribution for the LSST galaxy sample, for three values of the magnitude cut
in the r-band mlim.
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Figure 10: Clustering and magnification bias for LSST.
Their galaxy biases are given by [12]
bELG(z) = 0.84×D1(z = 0)/D1(z) (A.7)
bLRG(z) = 1.7×D1(z = 0)/D1(z) (A.8)
bBGS(z) = 1.34×D1(z = 0)/D1(z) , (A.9)
where D1(z) denotes the growth factor.
We estimate the magnification bias for the three samples independently. For the emission line
galaxies, we assume that DESI will mainly target OII galaxies. The OII luminosity function has been
measured in Ref. [60], and we use the best-fit parameters for the Schechter function reported in their
Table 6. We estimate the ELG K-correction from Eq. (A.5), where flog(λ) is the typical rest-frame
spectrum of an ELG galaxy and T (λ) is the filter profile in a given band. The typical ELG spectrum
and the filters profile have been extracted from Figure 3.9 in Ref. [12], for the grz optical filters. For
the three filters, we find that the ELG K-correction is proportional to the redshift K(z) ∼ −0.1 z.
We estimate the magnification bias for the three optical filters from Eq. (A.2), with magnitude limits
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Figure 11: Number density of the three types of galaxies for the DESI survey.
Table 10: Best fit parameters to the luminosity function for luminous red galaxies used to determine
the magnification bias for DESI.
z α M∗ φ∗[h3 Mpc−3]
0.15 -0.170 -22.39 2.4× 10−3
0.25 -1.497 -22.75 3.9× 10−3
0.35 -1.593 -22.81 3.1× 10−3
0.8 -3.186 -23.49 1.1× 10−3
mlim = 24, 23.4, 22.5 for the g, r, z bands, respectively [12]. The resulting magnification bias does
not depend on the filter.
The luminosity function of the LRG sample has been measured from data in Ref. [61] at z =
0.15, 0.25, 0.35, 0.8. We approximate the Schechter parameters by fitting the estimated luminosity
function after passive evolution correction (Figure 9 and Table 1 in in Ref. [61]). Note that the
K-correction has already been applied.
In Table 10 we show the values of the best-fit parameters. Since DESI will detect luminous red
galaxies up to z = 1, we assume that the luminosity function for LRG does not evolve significantly
between z = 0.8 and z = 1. DESI will detect LRG in the r, z and W1 bands with different luminosity
cuts [12]. Therefore, the magnification bias for the LRG catalogue will depend on the observed band.
In our forecast, we use the r-band magnitude cut mlim = 23.
The luminosity function for the bright galaxies sample is modelled following [62], i.e. a Schechter
function with constant parameters α = −1.20, φ∗ = 1.46 × 10−2h3 Mpc−3 and M∗ = −20.83. The
K-correction has been estimated from [62], by fitting the measured K-correction in their Figure 4
to a linear relation. Assuming a typical galaxy color (g∗ − r∗) = 0.6, we find K(z) ∼ 0.87 z. The
magnitude limit for this sample is mlim = 19.5 [12].
In Fig. 12 we show the magnification bias for the three galaxy populations targeted by DESI.
While for the LRG and BGS the magnification bias is a monotonic function of redshift, the ELG
sample peaks at z ' 0.9 and decreases at larger redshift.
As there is significant overlap in the redshift range of the different types of galaxies in the survey,
their Fisher matrices cannot simply be added together because they are not independent measure-
ments. One way of combining the data would be to compute the cross-correlation between all the
different galaxy types in an overlapping bin, including both even and odd multipoles for consistency.
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Figure 12: Magnification bias for the three galaxy populations that will be detected with DESI:
emission line galaxies (ELG), luminous red galaxies (LRG), bright galaxy sample (BGS), as well as
the weighted (effective) magnification bias.
The total Fisher matrix would then include the covariance between the different populations. Instead,
we opt for a simpler strategy, by computing an effective galaxy and magnification bias for the entire
sample in the survey. More precisely, the effective galaxy and magnification bias in a given redshift
bin centered at z¯ and with width ∆z are computed as a weighted sum of the different types of galaxies:
seff(z¯) =
∑
i=BGS,LRG,ELG
Ni(z¯,∆z)si(z¯)∑
i=BGS,LRG,ELG
Ni(z¯,∆z)
, (A.10)
beff(z¯) =
∑
i=BGS,LRG,ELG
Ni(z¯,∆z)bi(z¯)∑
i=BGS,LRG,ELG
Ni(z¯,∆z)
, (A.11)
where Ni(z¯,∆z) denotes the number of galaxies of type i in that redshift bin detectable by the survey.
It is clear that within a bin where only one type of galaxy has a nonzero number density, the effective
bias reduces to the true bias of that particular type of galaxy. As for LSST, in our forecasts we
multiply Eq. (A.11) by a parameter b0 with fiducial value b0 = 1 that we let vary.
We explore two redshift binning configurations, with 5 and 8 bins respectively, which are detailed
in Tables 11 and 12. These bins have been chosen such that they contain a similar number of galaxies.
Table 11: DESI, 5 bin configuration
z¯i 0.13 0.42 0.72 0.93 1.32
∆zi 0.16 0.4 0.2 0.22 0.56
Table 12: DESI, 8 bin configuration
z¯i 0.1 0.21 0.42 0.65 0.79 0.91 1.07 1.39
∆zi 0.1 0.1 0.32 0.16 0.1 0.14 0.2 0.42
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Figure 13: The galaxy bias (left panel) and magnification bias (right panel) for SKA2 used in the
analysis.
A.4 SKA2
For the SKA2 survey, we consider two redshift binning strategies, with 8 and 11 redshift bins respec-
tively, which are summarized in Tables 13 and 14, where ∆zi again denotes the width of a redshift
bin i centered at a mean redshift z¯i. The first N − 4 redshift bins were constructed in such a way
that the total number of galaxies per bin is equal in all of them, while the last 4 bins are equal sized
in redshift space to avoid having bins which are too wide, for which we would need to use a more
general estimator, for instance the Ξ` estimator, described in [48].
Table 13: SKA2, 8 bin configuration
z¯i 0.22 0.35 0.48 0.66 0.92 1.23 1.54 1.85
∆zi 0.14 0.12 0.14 0.22 0.3 0.3 0.3 0.3
Table 14: SKA2, 11 bin configuration
z¯i 0.2 0.28 0.36 0.44 0.53 0.64 0.79 1.03 1.31 1.58 1.86
∆zi 0.1 0.08 0.08 0.08 0.1 0.12 0.2 0.28 0.28 0.28 0.28
The other specifications for the survey follow [29] and [63], which we repeat here for completeness:
fsky = 0.73 , (A.12)
b(z) = C1 exp (C2z) , (A.13)
s(z) = s0 + s1z + s2z
2 + s3z
3 , (A.14)
with s0 = −0.106875, s1 = 1.35999, s2 = −0.620008, and s3 = 0.188594, as well as C1 = 0.5887 and
C2 = 0.8130. The galaxy and magnification bias for SKA2 are shown in Fig. 13, while the number
density is shown in Fig. 14. The total number of galaxies observed is predicted to be Ntot ∼ 9× 108.
B Fisher matrix analysis for a photometric survey
In this Appendix we present a Fisher matrix analysis for the LSST galaxy survey. We want to address
the following questions:
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Figure 14: The number density of galaxies for SKA2.
1. How accurately will LSST estimate cosmological parameters?
2. What is the impact of neglecting lensing magnification on the estimation of cosmological pa-
rameters and their errors?
3. Will the survey be able to measure the lensing potential with high significance?
The specifics assumed for the LSST galaxy survey have been described in Appendix A.2. We
consider 3 binning configurations in the redshift range z ∈ [0, 2.5]:
• 5 redshift bins, equally spaced with width ∆z = 0.5.
• 8 redshift bins, equally spaced with width ∆z = 0.3125.
• 12 redshift bins, with width ∆z = 0.1(1 + z). This configuration is the optimal binning for
LSST, i.e. the half-width of the bins is the expected photometric redshift uncertainty for this
galaxy sample.
The angular power spectra for the estimation of the derivatives and the covariance have been
computed using the Cosmic Linear Anisotropy Solving System (class) code [64–66]. Since we are
modelling a photometric survey, we used a Gaussian window function to model the redshift binning.
The non-linearity scale dNL(z) of Eq. (3.2) translates into a redshift-dependent maximal multipole,
`max(z) given by
`max(z) =
pi
θNL(z)
=
pir(z)
dNL(z)
, (B.1)
where r(z) is the comoving distance to redshift z. In Fig. 15 we plot `max(z) as a function of redshift,
which represents the maximum angular power spectrum that we are using in our analysis.
B.1 Impact of lensing on parameter constraints and best-fit estimation.
We consider a ΛCDM cosmology + a bias parameter b0 with fiducial value b0 = 1, i.e. the galaxy bias
in each redshift bin is bgal(z) = b0 × bLSST(z).
We estimate the Fisher matrix and the constraints on cosmological parameters for two theoretical
models:
a) a model that consistently includes lensing in the galaxy number counts
b) a model that neglects lensing in the galaxy number counts
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Figure 15: The maximal multipole, `max for which linear perturbation theory is applicable.
Table 15: 1σ relative error (in percent) estimated including lensing in our theoretical model (odd
rows) and ratio between 1σ error estimated including and neglecting lensing in our model (even rows)
for three different binning configurations. We include in the analysis the standard ΛCDM parameters
and galaxy bias parameter.
Nbins h Ωbaryon Ωcdm ln 10
10As ns b0
5 bins - 1σlens [%] 6.2 % 8.5 % 1.3 % 3.6 % 3.0 % 2.4 %
5 bins - σlens/σno-lens 0.996 0.994 1.004 0.275 0.991 0.119
8 bins - 1σlens [%] 3.0 % 3.4 % 0.5 % 2.3 % 1.7 % 2.4 %
8 bins - σlens/σno-lens 0.993 0.998 1.011 0.351 0.999 0.240
12 bins - 1σlens [%] 0.7 % 2.4 % 0.2 % 1.6 % 0.5 % 2.4 %
12 bins - σlens/σno-lens 1.000 1.000 0.998 0.325 0.998 0.321
In Table 15 we show the 1σ uncertainty on cosmological parameters when lensing is included in
the theoretical model (rows 1, 3 and 5 for the 5, 8 and 12 bin configurations respectively) and the
ratio between the constraints estimated when including or neglecting lensing (rows 2, 4 and 6).
The errors on the best-fit parameters decrease significantly as the number of bins increase. In
fact, for large redshift bins, both the density and the RSD contribution to the angular power spectra
are highly suppressed. Therefore, we expect an optimal analysis to adopt the largest number of bins
allowed by the redshift resolution. In the optimal 12 bin configuration, we expect LSST to measure
standard cosmological parameters at the percent/sub-percent level. In all configurations, including
lensing significantly improves the constraints on As and on the galaxy bias b0. The errors are largest
for the 5 bin configurations and significantly smaller for the 12 bin one. This is due to the fact
that for the 5 and 8 bins configuration the RSD contribution to the angular power spectra is highly
suppressed and, therefore, the amplitude of the primordial power spectrum is strongly degenerate
with the galaxy bias. Indeed, the density contribution is only sensitive to b20As, but not to each of
the parameters separately. Including lensing in the analysis helps breaking this degeneracy, since the
lensing-lensing correlation is sensitive to As, whereas the density-lensing correlation is sensitive to
b0As. This is clearly visible from Table 15, where we see that the errors on b0 increase by a factor
of 8 (5 bins), 4 (8 bins) and 3 (12 bins) when neglecting lensing in the analysis. The fact that the
improvement decreases when the number of bins increases is due to the fact that RSD contributes
more for thin redshift bins and that it helps breaking the degeneracy between As and b0. The impact
of lensing magnification on the parameter constraints is therefore smaller in this case. See also [26]
for a discussion of these points.
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Figure 16: Constraints on parameters for LSST with 12 redshift bins where: both the signal and
the model have no lensing (black contours), lensing is included in the signal and in the model and the
magnification bias parameter s(z) is fixed (blue contours); and lensing is included in the signal and
in the model and the magnification bias parameter s(z) is modelled by four free parameters that are
marginalized over (red contours).
We study how this improvement changes if instead of fixing s(z), we model it with three param-
eters, as proposed in Eq. (A.6), and we let these parameters vary in our Fisher analysis. In Fig. 16,
we compare the constraints on parameters in this case. To ease the comparison of the error bars, we
have removed the shift in the case ”without lensing”, i.e. we assume there that there is no lensing in
the signal and no lensing in the modelling.
In Table 16 we report the shifts of the best-fit parameters (in units of 1σ), due to neglecting
lensing in the theoretical model. The parameters most affected and the size of the shift depend
strongly on the number of redshift bins. For 5 bins, Ωcdm experiences the largest shift, whereas for
12 bins it is ns which is more shifted. For all configurations, we see that a positive shift in b0 requires
a negative shift in As and vice versa. This is due to the fact that the amplitude of the density term
is given by b20As.
For the optimal 12-bins analysis, As, ns and b0 are all significantly shifted. Note, however,
that shifts of order 1σ and larger cannot be trusted since our analysis gives the first term of a series
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Table 16: Shift in the best-fit parameters that we expect if lensing is neglected in the theoretical
model for LSST, in units of 1σ. In the analysis we include the standard ΛCDM parameters and a
galaxy bias parameter b0.
Nbins h Ωbaryon Ωcdm ln 10
10As ns b0
5 bins −0.18 −0.16 1.68 −0.17 0.17 0.13
8 bins 0.01 −0.22 1.56 0.66 0.79 −0.69
12 bins 0.49 0.24 0.077 1.19 1.31 −1.28
expansion in ∆θi/σi which is only reliable if |∆θi/σi|  1. Nevertheless, our findings show that
neglecting lensing in LSST is not a valid option if we want to reach reliable % or sub-% accurate
cosmological parameters.
B.2 Detection of the lensing potential with LSST
We extend the standard ΛCDM model adopted in the previous section, adding an extra parameter:
the amplitude of the lensing potential AL, which multiplies the lensing term and whose fiducial value
in General Relativity is AL = 1. The results are shown in Table 17 and Fig. 17. We see that
increasing the number of redshift bins strongly decreases the error on AL. For the optimal, 12 bins
configuration, AL can be measured with an accuracy of 7.7%. Note that this result assumes that we
know s(z) perfectly well.
Table 17: 1σ relative error (in percent) for standard ΛCDM parameters + galaxy bias + amplitude
of the lensing potential from LSST. We compare different binning configurations.
Nbins h Ωbaryon Ωcdm ln 10
10As ns b0 AL
5 bins 6.2 % 8.5 % 1.3 % 13.1 % 3.0 % 20.1 % 20.2 %
8 bins 3.0 % 3.4 % 0.5 % 6.5 % 1.7 % 9.9 % 10.2 %
12 bins 0.7 % 2.4 % 0.2 % 4.7 % 0.5 % 7.3 % 7.7 %
Comparing Table 17 with Table 15, we see that adding AL as a free parameters degrades sig-
nificantly the constraints on As and b0 for all configurations. For the 12-bins configuration, the
degradation is however less severe. This can be understood by the fact that for a small number of
bins adding AL worsen the degeneracy between As and b0, since in the lensing contribution AL is
degenerated with As. For 12 bins, RSD partially break the degeneracy between As and b0. This in
turns helps breaking the degeneracy between AL and As in the lensing contribution.
Table 18: Constraints on ΛCDM parameters + lensing amplitude (in percent), with marginalization
over the galaxy bias (see Fig. 17)
parameter h AL ln 10
10As ns Ωbaryon Ωcdm
SKA2 11 bins 1.259 5.462 0.699 1.046 1.317 0.372
LSST 12 bins 0.733 7.708 4.748 0.522 2.341 0.241
As discussed in the main text, the multipoles of the correlation function can also be used to
measure the amplitude of the lensing potential, AL. From Table 18, we see that AL is better measured
with SKA2 than with LSST, even though the lensing contribution is more important in LSST. This
is due to the fact that RSD in SKA2 help breaking the degeneracy between AL, As and b0.
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Figure 17: Contour plot for the Fisher analysis (SKA vs. LSST) which includes an extra parameter
for the amplitude of the lensing potential.
C Combining angular power spectra and correlation function
As described in the main text, we also perform an analysis where we combine the multipoles of the
correlation function from SKA2 in each redshift bin, with the cross-correlation of the C`’s between
different redshift bins. We include lensing in the C`’s but not in the correlation function. The main
results are presented and discussed in detail in Section 5. In Fig. 18 we compare the constraints and
shifts when we consider the correlation function of SKA2 alone, or when we combine the correlation
function of SKA2 with the cross-correlation C`’s for different redshift bins. We see that adding the
C`’s has almost no impact on the constraints or the shifts.
In Fig. 19 and Table 19, we compare the constraints from SKA2 alone, with the combined
constraints from SKA2 and the C`’s in LSST. Contrary to the results presented in the main text,
we fix here the value of the bias b0 = 1. Comparing with Table 9, we see that fixing the bias has
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Figure 18: The constraints on cosmological parameters from SKA2 using the correlation function
(blue) and SKA2 from the correlation function + C`’s for the cross-correlations (red) using a config-
uration with 11 redshift bins as described in A.4. The shifts of the contours are computed neglecting
lensing from the correlation function, and consistently including it in the angular power spectrum.
The black lines on the diagonal plots denote the fiducial values.
almost no impact on the constraints or on the shifts. This is due to the fact that in SKA2, RSD are
strong enough to break the degeneracy between As and b0, and both are very well measured in these
surveys.
Table 19: Constraints (in percent) and shift, for SKA2 and SKA2 + LSST, for the standard ΛCDM
parameters, when the biases are fixed to their fiducial value b0 = 1 (see also Fig. 19)
parameter h ln 1010As ns Ωbaryon Ωcdm
SKA2 8 bins 1.255 0.675 1.036 1.309 0.356
∆/σ 0.199 -0.169 -0.602 0.316 -0.181
SKA2 8 bins + LSST 9 bins 1.048 0.558 0.833 1.124 0.293
∆/σ -0.096 0.165 -0.282 0.023 -0.423
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